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OPTIMIZATION PROBLEM ON PERMUTATIONS WITH LINEAR-FRACTIONAL
OBJECTIVE FUNCTION: PROPERTIES OF THE SET OF ADMISSIBLE SOLUTIONS

O. A. Emets and L. M. Kolechkina UDC 519.85

We consider an optimization problem on permutations with a linear-fractional objective function. We
investigate the properties of the domain of admissible solutions of the problem.

In recent years, a great number of works devoted to the investigation of problems of combinatorial optimization
(in particular, problems on Euclidean combinatorial sets and with linear-fractional objective functions) have been
published.

The aim of these investigations is to study the properties of objective functionals on combinatorial sets, deter-
mine and justify the properties of admissible sets in problems of this type, and develop methods for their solution.
In [1-15], various aspects of the solution of the problems indicated are considered. For this purpose, one often uses
the methods developed in [16]. In the present paper, we consider an optimization problem with linear-fractional ob-
jective function on permutations.

Let us introduce necessary terminology and present certain facts from [5] that are necessary for what follows.
A collection of elements that may contain equal elements is called a multiset. A multiset A is defined by its support
S(A), i.e., by the set of all different elements of this multiset, and multiplicity, i.e., the number of repetitions of each
element of the support of this multiset. We denote the set of the first k& natural numbers by J; and J,? =
J,U{o}.

Consider a multiset of real numbers G = {g,..., g, } with support s(G) = {ey,...,¢, }, where ¢;e R' for

any i€ Jy,, and the multiplicities of elements k(e;) = m;, where i€ J,, n<k, and, furthermore,

81 2822...28,20, e >e5>...>¢,20, (1)

ko=0, k=M ky=mM;+My....k, =M +MNa+...+ M, 2)

and gy =...= g =€,.... 8  +1=--=&=¢€,

The set of all ordered k-samples from the multiset G forms the general set of permutations E; ,(G) C R*.
The convex hull of the set E, = E,,(G) is called the general permutable polyhedron II;,(G), which is described
[5, 9] by the system

o]

Zx,. < Zg,- VYoclJ, (3)

iew i=1

k k
oxi= g @)

i=1 i=1

where |®| is the number of elements in .
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Let us give a criterion for a vertex of I, (G) [5], which is necessary for what follows. If x=(x, ..., xp) is
a vertex of II;,(G), then
1 2 2 k-1 k-1 k k
{al}c{al,az}c...c{al ,...,ock_l}c{ocl,...,ock} = Jis

i

i
qu;, = Zgi VicJ,
=1

r=1
where O(i is the last element in J; (the superscript denotes the number of the subset and the subscript denotes the

number of the element in the subset) and, conversely, if the conditions indicated above are satisfied, then x is a ver-
tex of the general permutable polyhedron I, ,(G).

Statement of the Problem. Let us find a pair < F(x™), x" > such that

x 2o * i=1 6%
F(x™) = max —7 . X = argmax —p——— (5)
xeR 2[_ ldlxl X€eR l 1dixi
under the condition
X = (xq,....xp) € E,(G)c R, (6)

c,-,d,-eRl.

From problem (5), (6), we pass to the problem with a linear objective function. For this purpose, we denote

k _1
Yo = {Zdixi} s Vi = XY, 1€ (7)

i=1

Then oc(Ekn(G)) = Ec R**!, where o is mapping (7). Assume that y, > 0 (otherwise, we can change the sign
of the numerator) and y; =20, i € J;. In the problems on permutations with linear objective functions, the properties
of II,,(G) play an important role because, as is known [5, 9], vert I1,,(G) = E,;,(G), where vert M is the set of
vertices of the polyhedron M.

Consider the image of I1,,(G) under the mapping o. Substituting y, and y; into (3) and (4), we obtain

|0
Zyi < zgiyo Vocl, ®)
iem® i=1
k k
ZY;‘ = 8iYo» 9
i=1 i=1
k
ddiy =1, (10)

i=1

yo>0, y;,20, VicJ,.
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The set defined by system (8)—(10) is denoted by 0, ,(G) < R¥*!. Then problem (5), (6) reduces to the determina-
tion of the ordered pair

k
F(x") = F'(") = e;;grlch,, ¥ = argexir 3 6, (11)
YER i=1
under the condition
y = (y()’ 7y1"-‘7yk) € ECRk+1 (12)

Thus, let us investigate the structure of the convex hull of E. In the present paper, we consider the problem of
investigation of the properties of the admissible set for problem (11), (12), to which problem (5), (6) is reduced.
First, we consider the properties of Oy, (G).

Properties of the Set Q,, (G). As is known [1, p. 17], a convex cone is the set of solutions of a system of
homogeneous linear inequalities, and a pyramid is the convex hull of a polyhedron Q (the base of the pyramid) and
a point that does not belong to Q (the vertex of the pyramid). Therefore, system (8), (9) defines a convex polyhe-
dral cone Q with the vertex O(O0, ..., 0), and relation (10) defines a hyperplane that intersects the cone and does
not contain its vertex. The polyhedron @, ,(G) is the base of a pyramid. In order to consider the faces of the poly-

hedron @,,(G), we first prove the following lemma on the faces of the cone K,?n(G):

Lemma 1.

I If F is an m-face (me Ji_1) of K,?n(G), then there exist sets ®1 C...C @ 1_,, =Jk for
which the inequalities in (8) turn into the equalities for any y € F (F is the set of solutions of the
system obtained from (8), (9) by the replacement of the inequalities in (8) by the inequalities for ® =
Wg with 6 € Ji_y).

IL. If, for sets ® C...C 0, =Ji, the inequalities in (8) are replaced by the equalities, then the set F of
solutions of (8), (9) is an m-face of K,?n(G), where

= dimF = (k+1) = {2+ Y (0| - |05 |- 1)} (13)

and the summation is carried out over all ¢ € Jy, for each of which there exists j € J, such that
k]—l—‘wc 1‘<‘(D6‘<k ‘0)0‘:0)
Proof. 1. Assume that Q is the collection of all subsets ® < J; for which the corresponding restrictions in

(8), (9) are severe for F, ®’, ®” € Q. We show that ®' U ®” € Q and o’'N 0"’ € Q. If y=(yg y15...,Yx) € F,
then

|0’ o o’ No”| o' Uo”|
Yooyt D vi= Xyt Xyi= g+ Zglyo > Y g+ D, &y (14
ico’'Un” ico’'No” iew iew” i=1 i=1 i=1 i=1

Relation (14) follows from the equalities @’ =A; UA1; and ®”"=A, U A1, where A1= 0'\0” and A, =
o”’\®’. Then ' N®”"=A;; and U ®”"=A; U A, U Aj». We investigate the inequality in (14). Let
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(Al =0y, A =0y, [Ap] = o |0 = 0y +oy,,
0] = oy +0yp, |OU"| =0 +0a, +d,, |[0NO”]= 0. (15)
Substituting (15) in (14), we get

O + 0o Oy +0yp [e2)) Oy + 0y +0y

gYo+ D &Y = D&Y+ D &Y
i=1 i=1 i=1 i=1

We divide this inequality by yo (yo > 0). Note that the second term on the right-hand side of this inequality
contains the most part of the numbers i from 1 to o, + 0, + a,. Since relation (1) is true, we establish (if all
gi from the first one to the (o; + o, + 0, )th one are not equal) that the right-hand side of the last inequality can

be smaller than the left-hand side. On the other hand, system (8), (9) contains restrictions for ® = ®” U ®”" and
o= () ®”, which turn into the equalities for y € F. Therefore, ®" (1 ®” € Q and ®’' U ®w” € Q, which was to

be proved.
Assume that, for @’ € Q and ®” e Q, the following condition is satisfied for certain j € J,:

0’| < k; < [0”]. (16)

We prove that ®” € ®” by contradiction. Let o’ ¢ o”. Consider

|’ || o’ No”| |’ lo’Uo”| lo’Uo”|
Yevo+ Xevo= D &0+t 2 &0+t X &o-— 2 8- (17)
i=1 i=1 i=1 i=lo’No”|+1 i=1 i=lo"|+1

The second and the fourth sum on the right-hand side of (17) contain the same number of terms. This can be veri-
fied by the substitution of (15) into (17), namely,

o +(112 Oy +(X12 (03] (3] +O(12 (03] +(X12 +(X2 (3] +(X12 +O(2
&Yo + Z 8&iYo = z 8&Yo t z 8&Yo t 2 8iYo ~ 2 8iYo- (18)
i=1 i=1 i=1 i=1+0, i=1 i=1+0, +d,

Taking (1) into account, we get

(xl+0’.412 (xl+0’.412 +0’.42
gy - Y, &Y >0,
i=1+0(12 i:1+0(12+0(2

whence, omitting the difference and taking (16) into account, we obtain

|| @] o' N® lo’Uo

doevo+ X &> X &+ D &

i=1 i=1 i=1 i=1

//‘ //‘

which contradicts the conclusion about the equality in (14). In view of (1), it is necessary to consider the following
cases:

(i) the second and the fourth sum with respect to i in (18) begin with the same number;
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(ii) the second and the fourth sum with respect to i in (18) begin with different numbers i, provided that
g, are equal.

Case (i). Consider the difference from (17), namely,

‘(DI‘ ‘u)IU(x)II‘
> & - D &
i=lo’No”’|+1 i=lo”|+1

+1=
|0”[+1, or oy, =0y, + 0, whence o, =0. Therefore, ®” < ®’, which contradicts the assumption made

Since the summation begins with the same number i, we equate the lower limits. As a result, we get \co’ﬂo)”

above.
Case (ii). Consider G = {gl,...,gz,...,ga...,gﬁ,...,gn,...,gk}. Let g,=...=g9=...=8p=...=gs= &
o'={o,o+1,...,00+0p+0;}, and ®o”"={B,B+1,...,B+0a,,+0a,}. Then |®'|=0;+0;, and |©"| =

Oy + OLqy. It follows from (1) that
kog=0,....k, o =2z-1, k;_y=n, k, =p,....k, =k, (19)
whence 0<z-1<n<p<k. Itfollows from the second and the fourth sum in equality (18) that
z<adp+1<n zLoap+0p,+0, <0 (20)

where z is the index of a certain element g;, j € Ji, in the multiset G.
Taking into account condition (16) and relation (15), we get

oy + 0y S kj <0, + 0. 21)

For equal g;, where i€ J,\J,_;, wehave aa>z—-1, B=a, oo, +0,+0<n, and B+ o, +0,<n.
By virtue of (20) and (21), we obtain

2SS0+l S0 +0 S0, + 0, <n (22)
Consider the following two cases:
@ oap+l=o0;+c;
(b) aq+0y=0,++ 0.
Wehave o; =1 incase (a) and o = 0., incase (b). Combining these cases and taking (21) into account, we
get kj=1+ o, and, by virtue of (20), we have z < k;<n. Relations (19) yield k, , < k;j<k, ;, whence k;=

k, =z-1 and kj. 1=k, y=n. Then

ki < o < ]0”| < kji. (23)
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Hence, @ c®”. Consider ®’, ®” € Q for which relation (23) holds for every je J b1 The condition

o’ + o

//‘ _

o’ Uo”|+ o No”| (24)
and relation (23) yield

ki< lo'No”| < |oUo”| < kj. (25)
Let us verify this fact. Taking conditions (15) and (23) into account, we get

ki <o+ 0y <0+ o< kjgg. (26)

The first inequality in (26) is true for every o ; = 0. Consider min(o; +0y,). For o =0, the minimum o, =
|0 N ®”|. Therefore, the first inequality in (25) is true because

Consider the second inequality, representing it, in view of (15), in the following form: o; + o, + o, <k;;1. For

o', ®” e Q, according to (23) the following conditions are satisfied:
kj < ‘(I),‘ < kj+1, (28)
kj < ‘(1)/" < kj+1. (29)

First, we add relations (28) and (29) together. As a result, we obtain

ijS ‘(D"+‘OJN‘ < 2kj+1, (30)
2kj < oy + Oy + 0y + Oy < 2kjig. (31)

Then, subtracting (27) from (31), we get
kj+(kj—kj+1)S (03] +(12+0C12§ kj+] +(kj+1—kj). (32)

The first inequality in (32) has been proved above. Consider the second inequality, taking into account that kj, —
k;j > 0. The following two cases are possible:

IN

@) O+ 0, + 0y < kj+1 kj+1+(kj+1—kj);

IN

(i1) kj+1 S0y +0,+0, kj+1+(kj+1—kj).
We begin with case (ii), taking (27) into account. Since the number of elements in ®’ and ®’’ is determined

by formulas (15), we establish, by virtue of the fact that o;, ol,, and o, may be equal to zero, that the following
cases are possible:
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(@ o=0 and kj<o;<kj 1 <0, + 0 ,, whichisimpossible according to (23);

(b) 0,=0 and kj<op+0y <kjr;<0y+0y,, whichisimpossible according to what has been proved
above;

() ou;p =0 and k;< oy <kji <0, + 0y, whichis impossible according to (23).

According to (a)—(c), we can conclude that case (ii) is impossible, i.e., case (i) takes place. Therefore, for

o', ®” € Q, relation (25) is true. Forevery j € Jp1, we denote by Qj the collection of all subsets ® € Q for
which

kj < ‘(D‘ < kj+1, (33)

andby ®" and ™ the subsets from Q ; with the minimum and maximum number of elements. It follows from

the results obtained above that if ® € €;, then
* ek
O Co0co. (34)
The converse statement is also true, namely, if ® satisfies (34), then w € Q;, i.e.,if ye F and se 0)**\0)*, then

> v = ‘(0** \m*‘ej+ly0' (35)

se*™ \ o

Let us verify this statement. Let o' ={0,...,0;, ¢+ and " ={a,...,0 ¢, ©, 0 € Q;, ie., the re-
1 k; 1 kjsi '

strictions in (8) are severe for these subsets. Therefore,
Yo ¥ Yo, ¥ Yo, = (&1 + 8+t 8, )Yos

Yo ¥ Ya, Tt Yo ¥ Yoy Tt Yoy L = (81 + 8 ot 8k, + 8k +1 Tt 8y, )0

j+1

Subtracting the first equality from the second one and taking into account (25) and (1), we obtain equality (35),
which was to be proved.

If ® e Q and |®| <k, then we have me Q for ® ¢ ®. In Q, we consider the chain of sets @, c ... c
®, = Ji. It follows from the reasoning presented above that if y e K,?n(G) turns the inequalities in (8) into the
equalities for | < ... € wy = Ji, then, forany ® € Q, the corresponding inequalities in (8) turn into the equal-
ities at the point y. In other words, the system of severe restrictions for F defined by the subsets ®, ..., ®; is
complete. On the other hand, the matrix of these restrictions has a triangular form and, therefore, they are linearly
independent. Hence, taking into account that dim F =m, we get A = (k + 1) — m. Consequently, assertion I of
Lemma 1 is proved.

II. Let us prove that the set F' is a face of K ,9,,(G). As in the proof of assertion I, we denote by Q the collec-
tion of ® < J; that define severe restrictions for F in (8). We prove that € Q if and only if either ® coincides
with one of the sets w; < ... € ®; or there exist j€ J; and 6 € J) suchthat w;_; € ® € ®; and relation (23)
is true, namely, kj_; < ‘0)6_1 ‘ < |wg | < kj. Without loss of generality, we can assume that ©g = {L,...,|0s |}

for ¢ € J). Consider the point y = (¥, ¥;,..., ¥ ), Where
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-1
k
2. dig, ] i €0MNOG 1. ki1 < |0 1| S[0g] <k j edp 0y ey
i=1
k -1
Yo =1 D di(gq, +€) if i=|og|>k >|os | jel. a;el;,
i=1
k -1
zd,-(gai —-€;) o; €J;, otherwise,
i=1

(36)
glyo if i E(DG\(DG_I, Whel‘e k]—l < ‘(DG_I‘ < ‘(‘0(5‘ < k] fOI‘ j E‘Ik’

= ey it i =logl> by >loga | o j <,
(g;—€;)yp otherwise.

It is easy to choose small €;>0 so that y € F. Itis obvious that, for ® c J; for which (36) is not true, the corre-
sponding inequalities hold for y as strict ones, i.e., ® ¢ €. The sufficiency of condition (36) for the inclusion

o € Q is obvious. The maximum number of linearly independent severe restrictions for F can be calculated by
using formula (13). Lemma 1 is proved.

Corollary 1. The vertex of the cone K,?n(G) is determined by the system of k + 1 equations k of which
are obtained from (8), (9) by the replacement of the inequalities in (8) by the equalities for sets ®; C ... C W, =
Jx, and the (k+ 1)th equation is obtained by the replacement of one inequality in (8) by the equality for an arbi-
trary set W; C Ji, where i€ J;.

Theorem 1.

L If F is an m-face of Q,(G) defined by system (8)—(10), then there exist sets ®; CW, C ... C
Oy =Jx, me J,?_l, for which the inequalities in (8) turn into the equalities for y € F (F is the set
of solutions of the system obtained from (8)—(10) by the replacement of the inequalities in (8) by the
equalities for ® = ®Wg with 6 € Ji_;,_1).

Il If, for sets w{ C W, C ... C ®) =Ji, the inequalities in (8) are replaced by the equalities, then the set

F of solutions of the system obtained from (8)—(10) is an m-face of Q,,(G), whose dimension is de-
termined by the formula

m = dimF =k - {1+ (05| - |os_;|-1)}. 37)

where the summation is carried out over G € Jy for each of which there exists j € J, such that

kj_y < ‘0)6_1‘ and |0g| < kj (we assume that || =0).

Proof. The proof of Theorem 1 follows from Lemma 1. For the description of a face of the base of the pyra-
mid, we choose the same sets ®; C Ji, i € Ji, as for the description of the face of the cone and add (10); dimen-

sion (37) of a face obtained under the indicated choice of severe restrictions is smaller than the dimension of a face
of the cone by 1 because we add an equality to the system of restrictions and, as is known [1], the dimension of a
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polyhedron in R* is equal to k —r, where r is the rank of the matrix of severe restrictions for a polyhedron. The-
orem 1 is proved.

Assume that G is the set of numbers g;>...> g, 20, i.e,, k =n. Then we denote the polyhedron Q,,(G)
by 0{(G).

Corollary 2. The set of solutions of system (8)—(10) is an i-face of QZ(G) if and only if each of these solu-

tions turns the inequalities in (8) into the equalities for sets ®{, ..., ®,_;_1, i € J,?_] , such that
W CTOC... COy_;_1 CJy. (38)
Let Vi denote the set of vertices of the base of the pyramid Q,,(G); itis clear that Vj c R,
Corollary 3. If y=(y9, Y1,---» Yx) € Vi, then the following conditions are satisfied:
{oc}} c {(xlz, oc%} c...c {oc{“l, cees (x’,ﬁj} c {oc{‘, cees ocﬁ} = J;, 39)

i

Zya; =

t=1 t

M-~

& Yo YielJ, (40)

1]
—_

k
Y dy =1 41)
t=1

Conversely, if conditions (39)—(41) are satisfied, then y € V.

Proposition 1. The mapping o defined by formulas (7) determines a one-to-one correspondence between

the points x = (x;, Xy, ..., x,) € E,,(G)C R* and y= (g, vi»-... ;) € Vi.

Proof. Assume that relations (1) hold for G. The points

*

X% = {81825 8 Borls -+ 8o Bt -+ s &os o> &k )

X = {gl, 825> 8B 8atl> -+ 8o 81o -+ » &1 ...,gk}
are the vertices of I1,,(G) obtained one from another by the permutation of the components equal to e; and e ;j or

the coordinates g, and gp Then, according to the criterion of a vertex of II;,(G) given in [5], which is formu-
lated at the beginning of the present paper, we have

{oc}} c {af,a%} c...c {oc‘f‘,...,ocg} c...c {oc?,...,ocg,...,ocg}
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Hence, for the point x*, the inclusions take the form
{1} c...c{,2,...,a} c {1,2,...,0,00+ 1}
cf{L2, o0+, .., B el ...+ 1,...,B+1}
{2, ..o+, ..., B-1,B,B+1,....k} = Ji

and the system is as follows:

Xt Xg Xyt F XX et X = gt g Tt gy T gy Tt &k
For the point x**, the conditions
{1} c...c {1,2,...,B} c {1,2,...,B,a+1}
Lc{l,...,Ba+l,....,.p-1La}c{l,...,Ba+1,...,0,B+1}
c{L2, . Boa+1,...,B-1,0,B+1,....k} = J;

are satisfied and the system has the form

x1+...+xB+xa+1+...+xa+xﬁ+1+...+xk = gl++g(x++g[3+g[3+1++gk
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We now prove that the mapping o defined by condition (7) transforms the points x* and x**, which are
vertices of II;,(G), into points from V;. Under the mapping o, the point x* turns into the point y* with the co-
ordinates
Yo = {dlgl ot do 8o +dya8out + oo+ dp 185 T gy +dpy8pa oot dkgk}_l,
Y1 = 81Yo, Y2 = 82Y0--5Va-1 = 8a-1Y0> Yo = 8aVo>

Yot+1 = a+1Y0s---»Vp-1 = 8p-1Y0o> Vg = 8o

YB+1 = 8B+1Y0> - > V-1 = 8k-1Y0> Yk = 8iVo>
and the point x** turns into the point y** with the coordinates

_ —1
Yo = {dlgl +otdy8y tdyi8ut T T dp 1851 T dpgo T g8 +---+dkgk} ;

Vi = 81Yor Y2 = 82Y00 -5 Va1 = &a-1Y0r Yo = &pYo-
Yol = 8as1Y0> -5 Vo1 = &p-1Y0> g = &aYo»

Y1 = 8B+1Y0s > Veol = &k-1Y0>» Yk = &kVor

Comparing the coordinates of these points, we get y* # y** because y, # y, and yB # yp. We now prove that

y*, y* e V. According to Corollary 3, if conditions (39)—(41) are satisfied for y € Rk“, then y € V;. Let us
verify this statement for y* and y**. Condition (41) is satisfied for these points by virtue of (7). For y*, on the
basis of the indices of coordinates, we construct the following chain:

{1} c{,2}c...c {1,2,...,0-1,0}
c{,2,...,a-lL,o,a0+1}c...c {,2,...,0,0+1,...,3-1,B}
c{lL,2,...,0,0a+1,....,3-1,B,B+11}...
c{,2,...,0,a+1,....,3-1,B,B+1,...,k} = Jg.
Then we obtain the following system of severe restrictions for this point:

Y1 = 81)o

M+t Y 1+ = (g1 + &+ + 8y 1+80) Yo
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MotV Yat F ot Vg Yar = (81 F -+ 8ot + 8o+ Gort T 83 +8341) 0

Mot Yot ot Yy Yyt ot e = (Q1F o Bat o G+ 8 oot &)Y

Hence, conditions (39) and (40) are satisfied. Analogous results hold for the point y**. Therefore, y* y** e V; are
the images of the points x*, x** € vert I1;,(G).

The first part of Proposition 1 is proved. To prove its second part, it suffices to choose an arbitrary point
y € Vi and show by analogy that a point x € vert I, (G) is its preimage. Proposition 1 is proved.

It follows from Proposition 1 and the equality (x(Ekn(G)) = Ec R*! that E Vi and V,CE, ie., Vi,=E
and, therefore, vert Q;,(G) = L.

As is known [1, p. 53], adjacent vertices of a polyhedron are two vertices that lie on the same edge. Taking into
account different forms of definition of polyhedron, one can obtain different criteria for the adjacency of its vertices.
If a polyhedron M is defined in the space R* in its canonical form, then an edge of this polyhedron is defined by
(k — 1) linearly independent severe restrictions. Hence, according to [1. p. 53], the definition of adjacency of
vertices of a polyhedron can be formulated as follows: two vertices of a polyhedron given in its canonical form are
adjacent if the systems of their linearly independent severe restrictions differ only by one equation.

Consider the following criterion of adjacency of vertices in 0y, (G):

Theorem 2. The vertices of Q,,(G) adjacent to the vertex

_ 1 8a. 8o, 8o
7 = . ) I 2 .o k

zt=1gazdt ’ zf=1g0‘1dt ’ zf=1g0‘1d1 ,'“,le‘(=lg(xl dt ’

where o.; € Ji and j € Jy, are the vertices obtained from g by the permutation of the components equal to e

and e, , i € J,_1; moreover, only these vertices are adjacent to g .

Proof. Since the pyramid is located in the space R**!, according to Theorem 1 and Corollary 3 every vertex
of the base of this pyramid is described by a system of linearly independent severe restrictions, which consists of
k+ 1 equations of the system given by conditions (39)—(41). Since adjacent vertices lie on the same edge of the
polyhedron, the system of linearly independent severe restrictions that describes this edge consists of £ common
equations contained in the system of restrictions that describe adjacent vertices. Every ( k — 1)th equation from the
system of severe restrictions that determine the adjacent vertices differs by its left-hand side [1]. This fact is ex-
plained by the permutation of the components e; and e,,;, i € J,_|, that determine the coordinates of the
point g.

Hence, to determine the vertices of (Q,,(G) that are adjacent to g, itis necessary to perform the permutation
of the components equal to e; and e;,, i € J,_1, which was to be proved.

Corollary 4. Each vertex of the polyhedron Q,,(G) is adjacent to the vertex of the pyramid located at the
point 00, ..., 0).

Theorem 3. The number r of vertices adjacent to an arbitrary vertex of Q;,(G) is equal to r =
My +MpN3 + MMy +...+M, M, + 1
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Proof. According to Theorem 2, to obtain a vertex adjacent to the vertex

_ 1 8o, 8o 8o,
7 = . . | 2 . k

zz:lgazdf zlegazdt’ Zf=1gald1"“,zf=lgatdt ’

where o,; € Ji and j € Ji, itis necessary to perform the permutation of e; and e;,;, i € J,-1. The number of
elements e; isequalto M, i € J,. The number of vertices adjacent to g that are obtained by the permutation of
e; and e;, isequalto M ;N ,;,;, i € J,_1, and the number of all adjacent vertices is equal to r= nm, + N,MN3 +
N3Ny + ...+ M,_M,. Each vertex of Q,,(G) is adjacent to a vertex of the pyramid and, therefore, r = nmn, +
NNz + N3Ny + ... + M,_ M, +1, which was to be proved.

As is known [5, p. 29], two i-faces Sli and Sé of a (k—1)polyhedron M are called adjacent if they intersect
along a (k- 1)-face S of this polyhedron, i.e.,

Sins, = s e g (42)

According to Corollary 2, for an arbitrary i-face of Q] (G) there exist sets @, ..., ®;_;_;, i€ J. ,?_1. Denote the
collection of these sets for Sli and Sé by Qi and Qé, respectively. Let us formulate a criterion for the adja-

cency of faces of QZ(G).

Theorem 4. In order that two i-faces Sli and Sé of the polyhedron QZ(G) be adjacent, it is necessary
and sufficient that the set

Q7 = 0 U (43)
define an (i—1)-face Siil, ieJiop.

Proof. Necessity. Assume that i-faces Sf and Sé of the polyhedron Qj(G) are adjacent. According to
Corollary 2, there exist sets Qi = {0)}}];;{_1 for Sli and Qé = {w%}f;f_l for Sé that satisfy (38). Assume that
condition (42) is satisfied. Then, according to Corollary 2, there exists a set Q! = {o; }’;;f

the face $'~' and satisfies (38). Since the restrictions describing the faces Sf and Sé must simultaneously hold

that corresponds to

at the points of the face Si_l, we conclude that condition (43) is satisfied.

Sufficiency. Assume that condition (43) is satisfied. Then it follows from Corollary 2 that there exist faces Sli
and Sﬁ that are defined by the sets Qi and Q’i and, by virtue of (43), we get (42). Thus, the criterion for the ad-
jacency of the faces of the polyhedron Q}(G) is proved.

Note that the properties of the admissible domain for problem (5), (6) described in the present paper [in particu-
lar, the sets E of admissible solutions of problem (11), (12)] enable one to apply the method of combinatorial trun-
cation presented in [11, 12] to the solution of the problems indicated.

In our opinion, the other properties of problem (5), (6) established in this paper can be used for the construction
of methods and algorithms for the solution of problems with linear-fractional objective function and certain addi-
tional (in particular, nonlinear) conditions.
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